Conventional superconductors are strong diamagnets that through the Meissner effect expel magnetic fields. It would therefore be surprising if a superconducting ground state would support spontaneous magnetics fields. Such time-reversal symmetry broken states have been proposed for the high-temperature superconductors, but their identification remains experimentally controversial. Here we show a route to a low-temperature superconducting state with broken time-reversal symmetry that may accommodate currently conflicting experiments. This state is characterised by an unusual vortex pattern in the form of a necklace of fractional vortices around the perimeter of the material, where neighbouring vortices have opposite current circulation. This vortex pattern is a result of a spectral rearrangement of current carrying states near the surfaces.
The phase-sensitive experiments [1, 2] carried out in the early 1990's showed that the high-temperature superconductors have predominantly d-wave pairing symmetry. Ever since, there has been an ongoing debate whether there exists a low-temperature phase that breaks time-reversal (T ) symmetry, in addition to the reflection symmetry of the crystal broken by the d-wave order parameter itself. Several experiments on tunnelling and charge transport support a phase transition into a state with broken T -symmetry at low temperatures [3] [4] [5] [6] [7] [8] . On the other hand efforts to detect the concomitant spontaneous magnetic field have failed, or at best have put severe restrictions on how strong the subdominant order can be [9] [10] [11] [12] [13] . Below we show how to reconcile these two sets of experiments and how the route to a low-temperature superconducting state with broken Tsymmetry may occur. We emphasize that the superconducting state with broken T -symmetry we describe here does not necessarily imply a multicomponent superconducting order-parameter [14, 15] .
The superconducting state in unconventional superconductors, such as the cuprates, is fragile to scattering off impurities, defects and surfaces [16] . Scattering leads to pair-breaking and formation of so-called Andreev states [16] [17] [18] . These states are formed by constructive normal and Andreev reflection processes, have energies ε A within the superconducting energy gap ∆, and are spatially bound to the scattering centers. For superconducting grains, when the size of the superconducting material is comparable with the superconducting coherence length, the whole superconducting state of the grain is affected by boundary scattering and the formation of Andreev states leads to properties that are not fully understood yet. For the realization of real devices, a deeper understanding of the ground state of grains is therefore called for.
We consider meso-scaled grains of a d-wave superconductor and relax the assumption of translational invariance along the surface. The typical grain sizes we consider correspond to side lengths D ∼ 10ξ 0 to 100ξ 0 , where ξ 0 = v F /(2πk B T c ) is the superconducting coherence length (v F is the quasiparticle velocity at the Fermi surface in the normal state). We focus on rotated crystals with 45
• misaligned surface-to-crystal orientation, such that the d-wave order parameter nodes are pointing towards the surfaces and pair-breaking effects are most pronounced. In this case the order parameter is reduced to zero along the surface of the grain. We study grains with holes, as shown in Fig. 1(a) , and also grains without holes.
At low temperature, T -symmetry and translational symmetry along the surface are spontaneously broken. In this state the order parameter acquires local phase gradients and a necklace-like vortex pattern of currents appears near the surface. The fractional vortices along the surfaces of the grain are ordered in a staggered fashion, such that neighbouring vortices have opposite current circulation. This inhomogeneous phase has lower free energy than the thin-film phase in Ref. 19 and has a high critical temperature T cs .
The transition is found for all sizes of grains we have considered (up to 600 × 600 ξ 2 0 ), with or without holes. In Fig. 1(c) we show the magnitude of the spontaneous currents integrated over the grain area as function of temperature. The temperature of the transition below which the currents appear is around 0.18T c independent of grain size as long as D > ξ 0 , see the phase diagram in Fig. 1(b) . This state is stable for surface-to-crystal misorientations from 45
• down to ∼ 23
• . The temperature dependence of the free energy (measured relative to the free energy of the non-superconducting state) for a grain of size D ≈ 60ξ 0 is displayed in Fig. 1(d) . Its temperature derivative (entropy difference between normal and superconducting states) is shown as inset. The vortex phase is energetically favourable and the phase transition is of second order.
At high temperatures, the grain area-integrated density of states (DOS) has a large peak at the Fermi level, see grey curve in Fig. 2(a) . The peak is due to the well known zero-energy states formed by Andreev scat- tering off order parameter lobes of different signs [17] . In the symmetry broken state the low-energy states are rearranged so that the spectral weight is shifted symmetrically away from the Fermi level, see blue curve in Fig. 2(a) . This shifting of spectral weight away from the Fermi level is due to the spontaneous currents appearing in an area close to the surface. These currents are driven by a finite local phase gradient of the order parameter, which leads to Doppler shifts p s (R) · v F with p s (R) = 2 ∇φ(R). The Doppler shifts are the source of the lowering of the free energy in the T -symmetry broken state. The transition temperature T cs is only limited by the maximum Doppler shifts the superconductor can sustain, which corresponds to phase gradients and currents Fig. 1(a) . The currents near the surface (b) is carried by the subgap part of the spectrum (Andreev surface states), while further away from the surface at y = 5.8ξ0 (c), the currents are carried by continuum states.
of the order of the depairing current near the surfaces where the order parameter is suppressed.
The spectral rearrangements in the vortex phase also leads to interesting rearrangements of the spectral current density, as shown in Fig. 2(b)-(c) . The currents near the surfaces are carried by the subgap part of the spectrum and the direction along the surface alternates, as seen by the meandering of the quasiparticle states along the interface. The color scale includes both positive currents (j x > 0, red color) and negative currents (j x < 0, blue color). In panel 2(c) we show the local spectralcurrent density at a distance ∼ 6ξ 0 from the surface. The currents inside the grain are carried by continuum states close to the gap energy. These currents flow in the opposite direction compared to current right at the surface and they are carried by the condensate. Together, these spectral currents lead to the circulating current flow pattern displayed in Fig. 1(a) .
There is no external magnetic field in the calculation, but the Maxwell equations for the vector potential should be solved self-consistently with the order parameter when the spontaneous magnetic field appears in the T -symmetry broken state. For small grains D λ 0 , where λ 0 is the London penetration depth at T = 0, the influence of this self-consistency is very small and can safely be neglected. We have also checked that for grains of sizes D λ 0 , the vortex phase is unaffected. The vortices formed spontaneously have a radius of a few coherence lengths, much smaller than the penetration depth which for instance for YBCO is of order λ 0 ∼ 100ξ 0 . The staggered ordering of these vortices means that there is always only a very small effect of including the electrodynamics self-consistently in the calculation. We only expect corrections for weak type-II superconductors where screening effects are more efficient (possibly other unconventional superconductors than the cuprates). In Fig. 3(a) we plot the magnitude of the surface currents close to the interface. The typical distance between current-nodes (neighboring vortex cores) on the surface is of the order of 5ξ 0 . The magnetic-field pattern is shown in 3(b). The maximum magnetic field in the center of each fractional vortex is 1.5 × 10 −5 Φ 0 /ξ 2 0 and we approximate the magnetic flux per vortex to ∼ 10 −5 Φ 0 . In Fig. 3(c) we plot the low-energy part of the local DOS along a cut at y ≈ ξ 0 marked with the black dashed line in (a). The spectrum is split into two branches that meander between positive and negative energies. These two branches consists of Andreev states carrying opposite currents along the surface, as also shown in Fig. 2(b) -(c). In the symmetry broken phase, the Andreev surface states are pushed away from zero energy by the Doppler shifts. The Andreev states at zero energy (for T > T cs ) are associated with a surface order parameter suppressed to zero. As T -symmetry is broken, the d-wave order parameter partially heals, as shown in Fig. 3(d) . At the same time, its magnitude is oscillating along the surface, following the meandering of the Andreev states in the vortex pattern.
The low-energy states, positioned at ε A , come at a cost in free energy. If the bound states are located near the Fermi energy, ε A → 0, it is energetically favorable to shift the states so that ε A < 0. If the low-energy states have a substantial spectral weight, additional symmetries can be broken spontaneously, such that the bound states shifts are guaranteed by the order parameter of the lowtemperature phase. There are competing mechanisms for this to happen, for instance spontaneous generation of orbital currents or ferromagnetism. For the case of orbital currents, which is the focus of this work, the order parameter field will acquire a phase gradient which is equivalent to a current that will Doppler shift the states to lower energies. This is analogous to the Fulde-FerrelLarkin-Ovchinnikov (FFLO) instability, where a superconductor generates a spatial modulation in response to a Pauli coupling to a high magnetic field [20, 21] . For unconventional superconductors it was first shown using Ginzburg-Landau theory that a bulk superconductor, in this case the heavy fermion compound UPt 3 , may lower its free energy by generating a spontaneous orbital cur- rent [22] . In the case of the d-wave high-temperature superconductors it was shown that at junctions between two crystals there would be a spontaneous phase jump over the junction, both in the tunnelling limit [23] and at general transparencies [24] , to minimize the junction free energy. This effect leads to phase frustration in tri-crystal junctions that can be measured as a half-quantum vortex located at the center of the tri-crystal [2] . At single surfaces in d-wave superconductors the low-lying states lay exactly at the Fermi level. [17] These states may be shifted away from the Fermi level by a Doppler shift [25] . At temperatures below T (ξ 0 /λ 0 )T c this may occur by spontaneous generation of a finite superfluid momentum, or equivalently, phase gradient in the order parameter [26] [27] [28] . This effect may then be detected as an anomaly in the low-temperature penetration depth. But as the ratio ξ 0 /λ 0 0.01 for the cuprates it may be hard to detect. For thin films of d-wave superconductors [19] , it has been shown that transverse confinement can lead to formation of a state with broken T -symmetry at elevated temperatures larger than (ξ 0 /λ 0 )T c found for a single surface discussed above. The transition temperature T cs for thin films scales approximately as the inverse of the film thickness before it becomes unstable and the state with broken translational invariance in the form of a necklace of fractional vortices becomes favourable, as seen in Fig. 1(b) . We note that since the order parameter is inhomogeneous, odd-frequency pairing correlations will be associated with the vortex necklace, as in any inhomogeneous superconducting state [29] [30] [31] .
Let us next discuss the consequences of the above described low-temperature phase for experiments. Direct measurement of the induced magnetic fields associated with the vortex pattern might at first appear challenging because of the small size of the vortices. However, recently, a scanning superconducting quantum interference device was fabricated with a loop diameter of only 46 nm [32] . Vortices separated by about 120 nm were possible to detect. The vortices in the symmetry broken state above are in our calculation separated by about 5ξ 0 ∼ 10 nm, within reach with state-of-the-art scanning nano-SQUIDS in the near future.
As a consequence of the Doppler shifts in the symmetry broken state, the local DOS at any specific surface location contains a split low-energy peak, see Fig. 3(c) . This split is a fingerprint of broken T -symmetry, either involving a subdominant component of the order parameter, or not (as in the above calculation) But the split peak has been very difficult to measure in tunneling experiments and the possibility of a low-temperature Tsymmetry broken phase in the cuprates remains controversial. Instead of a split peak, the low-energy tunnelling spectrum typically features a broad peak also at low temperature. Our calculation offers a possible explanation for why the observation of broken T -symmetry has been so difficult. The tunnel junctions typically have rather large areas which means that the local DOS should be integrated over a large surface area, larger than the vortex pattern. The resulting area-integrated DOS display a very broad peak, see Fig. 2(a) , instead of the characteristic split Andreev peaks usually associated with the T -symmetry broken state. To observe the split peak, a junction diameter of the order of a few nanometers is needed.
We have also performed calculations with a subdominant s-wave pairing channel, which in the symmetry broken state leads to a d + is superconducting state with the s-wave component appearing near the surface. The vortex necklaces are formed also in this case. In addition we find that the broad DOS around ε = 0 splits into two peaks as is shown in Fig. 2(a) . For small grains, when the size of the grain becomes comparable with the size of an individual vortex, we recover the results of those in Ref. [33] .
In summary, we have described a low-temperature phase of d-wave superconducting grains with simultaneously broken T -symmetry and broken translational symmetry along the grain surface. In this phase a vortex pattern is formed, within which neighboring vortices have opposite current circulation. The vortices have sizes of the order of a few coherence lengths, and can be measured directly with recently developed scanning nano-SQUIDs [32] .
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Methods:
We use the quasiclassical theory of superconductivity (see for instance [34] ) to self-consistently solve for the superconducting state of mesoscopic grains. The central object of the theory is the quasiclassical Green's functionĝ(p F , R; z), that depends on momentum on the Fermi surface p F , spatial coordinate R, and energy, either real energy for the retarded/advanced Green's functions z = ε ± i0 + (infinitesimal imaginary part i0 + ), or Matsubara frequency z = iε n = iπT (2n + 1) in the Matsubara technique (T is the temperature and n an integer). We utilize the so-called Riccati formulation [35, 36] and parametrize the Green's function by two coherence functions γ(p F , R; z) andγ(p F , R; z) aŝ
To keep the notation compact, we suppress the dependences of all functions on p F , R, and z. Quantities with and without "tilde" are related by the symmetryα(p F , R; z) = α(−p F , R; −z * ) * . The coherence function obey a Riccati equation
which is solved by integration along straight lines, or trajectories s(x) = s 0 + x v F /|v F |, as described in e.g. Ref. [37] . At the boundaries we assume specular reflection. The system of equations is closed by the gap equation
where · · · p F = 
where I = ∆ * (p F , R)γ(p F , R; ε n ) − ∆(p F , R)γ(p F , R; ε n ), N F is the normal-state density of states at the Fermi level, and B(R) is the generated magnetic field.
